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ABSTRACT In this study, we develop a numerical method to represent turbulent flow in various 2D vector
fields using the Monte Carlo method-based MLS (Moving Least Squares) from a density field and express it
as a learning representation through a neural network. Conventional MLS performs high-order interpolation
solely based on vector-based constraints, making it difficult to effectively reflect the characteristics of
a density field, which limits its applicability in various fields. Additionally, equations of higher degree
require significant computational effort, making them costly in terms of computation time and resources
when applied to simulation tasks that require per-frame calculations. To address these issues, this study
integrates the Monte Carlo method-based weighting into MLS to efficiently consider the characteristics
of the density field in the input data and design an algorithm that represents it as various forms of vector
fields. Furthermore, we extend the solver to express this approach as a learning representation through a
neural network. To validate the applicability of our method, we conducted experiments extracting turbulent
vector fields from various density fields. Since conventional MLS does not guarantee temporal continuity,
directly applying it to simulations results in noise. To resolve this, our method generates turbulent flow by
analyzing the angular variation between the generated velocity and the underlying fluid velocity, ensuring
stable advection of the density. As a result, our method efficiently and accurately extracts turbulent flow
from a density field and integrates it into an underlying fluid solver, enabling the practical use of high-order
interpolation in physics-based simulations. Experimental results across various scenarios demonstrate that
our method improves both computation time and quality compared to previous methods, yielding enhanced
turbulent flow fields.

INDEX TERMS Fluid simulation, turbulent vector fields, turbulent flow,moving leasts squares,Monte Carlo
method, high-order interpolation.

I. INTRODUCTION
MLS is primarily used to perform a smooth approxima-
tion or high-order interpolation for scattered data. When
applied to a PDF (Probability Density Function), MLS
enables more accurate probability distribution calculations,

The associate editor coordinating the review of this manuscript and

approving it for publication was Songwen Pei .

making it useful in various fields such as fluids [1],
[2], deformable bodies [3], and surface reconstruction [4],
[5]. Polynomial-based interpolation is commonly used to
retrieve data between sampling points, making it particu-
larly effective for representing the dynamic movement of
continuous materials in applications such as fluid simula-
tion and character modeling. In such cases, the selection
of an appropriate interpolation method is crucial, as it
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FIGURE 1. Comparison of standard MLS and pseudo
divergence-constrained vector interpolation [6].

significantly affects the quality of the final output [6],
[7], [8].
In geometry processing, interpolation is used to approx-

imate mesh surfaces from point cloud data. Since point
clouds lack connectivity information, a high-order numerical
scheme is employed to implicitly construct a mesh made
up of triangles [4]. In the field of physics-based simulation,
the process of obtaining sampled data through interpolation
is a crucial step in physics-based simulation. High-order
numerical interpolation methods are used to improve the
simulation accuracy [9]. To enhance the semi-Lagrangian
advection [10], which relies on linear interpolation for
the advection term in smoke simulation, several advanced
techniques have been proposed, including BFECC (Back
and Forth Error Compensation and Correction) [11], CIP
(Constrained Interpolation Profile) [12], USCIP (Unsplit
Semi-Lagrangian CIP) [13], stream-guided smoke [14],
frequency-domain smoke [15], adaptive vortex particle
methods [16], and Polynomial PIC (Particle-In-Cell) [17].
Feldman et al. computed the MLS based on the normal

component of the velocity to obtain a smooth vector field
on a hybrid mesh [18]. Although MLS is a technique for
high-order interpolation and is applied in various fields,
as mentioned earlier, it has not been widely utilized in
simulations because of difficulties in satisfying conditions
such as continuity and physical constraints. To address this,
Hong et al. proposed a divergence-constrained MLS method,
which enables the generation of a vector field that mimics
fluid flow without solving the Poisson equation [6]. This
approach was later applied to smoke simulation to represent
the motion of complex turbulent flow [7].
Figure 1 illustrates the differences in vector interpolation

results between standard MLS and divergence-constrained
MLS proposed by Hong et al. [6]. Figure 1a shows the result
of computing MLS using two opposing vertical vectors
as constraints, while Figure 1b presents the vector field
obtained using divergence-constrained MLS. Divergence-
constrained MLS ensures incompressibility, making it a
suitable interpolation method for fluid simulation (see
Figure 1b), and its difference from standard MLS is clearly
evident (see Figure 1a). Notably, this approach allows vector

constraints to be expressed differently based on divergence
conditions, making it useful for designing various types
of vector fields or controlling physics-based simulations.
However, since constraints are represented solely in vector
form, they do not account for density characteristics. Given
that density is a crucial physical property in smoke and flame
simulations, its characteristics must be properly considered.

In this study, we used the Monte Carlo method to estimate
the locations where the density is distributed and used the dis-
tances between these estimated locations and the surrounding
data as MLS weights to visualize a density-sensitive vector
field. In addition, we apply this method to physics-based
simulation to demonstrate its capability in stably representing
turbulent flow. Finally, we extend the solver using a neural
network to further maximize its efficiency.

MLS has been widely used in meshless methods such
as point clouds and SPH (Smoothed Particle Hydrodynam-
ics) for applications including surface reconstruction [19],
fracture [20], and fluid simulation [1]. It is also utilized
for approximating surfaces in point set surfaces, which lack
connectivity information.

In SPH simulations, blobby noise often appears at bound-
aries composed of particles, leading to unintended motion.
To address this issue, MLS has been used in the form of MLS
pressure boundaries [21]. Additionally, in hybrid meshes,
where the structure is not in a regular grid form, velocity
fields may appear non-smooth, and MLS has been applied
to mitigate this effect [18].

Another application is MLS-MPM (Moving Least Squares
Material Point Method), where Galerkin-style MLS has been
utilized to efficiently compute MPM [22]. As mentioned
earlier, MLS has primarily been used to obtain smoothing
fields in polynomial-based spaces. However, because of its
high computational cost, its use has been limited to specific
fields.

A. PROBLEM STATEMENT
In this study, our objective is to apply grid-based MLS for
vector interpolation to compute turbulent flow.Kim andHong
proposed a method to synthesize turbulent flow in Eulerian
fluid simulation using MLS [7]. Although they replaced
semi-Lagrangian advection [10] with divergence-constrained
MLS [6], their approach has several limitations, which we
address in this work.

1) MLS vector interpolation without considering density
features: In the previous method, MLS was designed
for grid-based interpolation by following the approach
used in semi-Lagrangian schemes, where constraints
are defined using the fluid velocity at simulation
nodes [7] (see Figure 2). The semi-Lagrangian method
traces the velocity field backward by u1t and deter-
mines the sampling position x. The value of a variable
stored and advected at the sample nodes for an example
at pi,j is updated by calculating it at x by building an
interpolation profile from neighboring node values at
pi,j, pi+1,j, pi,j+1, and pi+1,j+1 (red: simulation node,
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FIGURE 2. Illustration of the semi-Lagrangian method.

blue: sampling position, gray arrow: fluid velocity,
orange arrow: backward sampling). However, despite
the fact that smoke and fire possess physical properties,
such as density and temperature, the characteristics of
the density field were not considered when computing
turbulent flow within the grid. In this study, we effi-
ciently address this issue by integrating MLS based on
the Monte Carlo method.

2) Noisy turbulent flow caused by a lack of correlation
with the underlying fluid flow: Turbulence is typically
used to enhance the subgrid details of the fluid by
building on the underlying fluid flow. However, the
MLS proposed in the previous method results in an
uncontrolled noise field, making it difficult to claim
that it effectively improves the details of the underlying
fluid [7] (see Figure 3). In this study, instead of directly
using MLS-based turbulence, we refine the noise-like
turbulent flow by leveraging the angular difference
between the velocity of the underlying fluid and the
turbulent flow computed using MLS.

FIGURE 3. Turbulent flow with previous method [7].

3) Small time step(1t) required due to the noisy field
generated by MLS: In the previous method, very small
1t or substeps were used as a subproblem related to
the aforementioned issue [7]. This problem is not solely
due to MLS itself, but rather arises because the vector
field computed using divergence-constrained MLS is
inherently unstable, and directly using it for advection
exacerbates the issue. In this study, we improve the
stability of the simulation to the extent that larger time
steps can be accommodated.

4) High computational cost due to the size of the N × N
matrix, which corresponds to the number of nodes:
Due to the low simulation stability, a small 1t is
determined using the CFL condition. However, the high

FIGURE 4. The previous method of extracting a feature vector from an
image, calculating the flow from it, and simulating the secondary effects
of fire-flake [23].

computational cost of MLS results in long computation
times [7].

B. IMPORTANCE OF 2D SIMULATIONS AS MUCH AS 3D
In physics-based fluid simulation, utilizing turbulent flow
for video content creation is challenging because it requires
not only complex numerical analysis but also a deep
understanding of algorithms, making it less accessible to
artists and creators. Additionally, most methods are designed
with 3D simulations inmind, although the 2Dmarket is just as
important. Furthermore, 3D simulations demand significant
computational resources, making real-time processing diffi-
cult without high-performance hardware. To overcome these
limitations, Kim et al. proposed a method that uses videos
or animated GIFs as input data to quickly compute fluid
flow and simulate fire sparks in real time [23]. In this study,
we propose anMLS-based turbulent flowmethod specifically
designed for 2D rather than 3D. In the results section,
we demonstrate not only the MLS turbulent flow generated
by our method but also its applicability by integrating it with
the previous method.

II. RELATED WORK
A. TURBULENT FLOW WITH NUMERICAL ANALYSIS
In the field of fluid simulation, various advection and external
force methods have been proposed to enhance the visual
detail of turbulent flow [10], [24], [25]. The semi-Lagrangian
advection method was introduced to achieve a stable fluid
simulation [10], while the vorticity confinement method
estimated the vorticity force in a grid-based representation
of turbulent flow [26]. This approach was later improved
using Lagrangian particles as vortex carriers, leading to the
development of the vortex particle method [27]. Furthermore,
several techniques have been proposed to further enhance
turbulent flow simulation, including BFECC [11], CIP [12],
USCIP [13], stream-guided smoke [14], frequency-domain
smoke [15], adaptive vortex particle methods [16], and
Polynomial PIC [17].

Many techniques have sought to enhance the details
of the subgrid through particle simulation. Kim et al. [28]
and Losasso et al. [29] used the SPH model to address
subgrid splashes. Greenwood et al. [30], Hong et al. [31],
and Thüerey et al. [32] employed hybrid approaches that
incorporate particles to achieve more detailed representations
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of multiphase fluids. Gao et al. used Lagrangian par-
ticles to capture the characteristics of high-speed gas
flows [33]. Incorporating physical models into subgrid
dynamics can enhance details in multiphase interfaces [34],
flames [35], [36], and liquids [37]. Hong et al. proposed a
divergence-constrained MLS method capable of representing
fluid movement without solving the Poisson equation [6].
Later, this method was extended and integrated into the
advection term of smoke simulation to represent turbulent
flow [7]. However, MLS-based turbulent flow exhibits
significant noisy motion, making it difficult to control in
simulations. Additionally, the high computational cost of
high-order equations limits its applicability across various
industries.

There are also post-processing approaches that enhance
flow details. Some of these methods synthesize turbulent
flow from low-resolution simulations using techniques such
as wavelet noise [38] and curl noise [39], [40]. Chu and
Thuerey used CNNs (convolutional neural networks) to learn
the relationship between low-resolution and high-resolution
flows [41]. Sato et al. proposed a method that transfers
detailed turbulence to low-resolution flows using patch-
based texture synthesis [42]. More recently, Chen et al.
introduced an integrated approach that combines continuum
mechanics-based simulation with MLS to model interactions
between paper and fluid, capturing tearing effects [43].
Although these approaches generate plausible details, they
often introduce noise flow that deviates from the underlying
fluid motion. Chen et al. extended MLS to multiphase
continuum simulation, highlighting the strengths of MLS
in handling complex boundary interactions [43]. While our
study directly uses MLS to control fluid motion, their
approach differs in that MLS is applied primarily to enforce
boundary conditions.

In this paper, we use theMonte Carlomethod for weighting
in MLS, a sampling technique widely used in various fields.
Sawhney and Crane proposed a Monte Carlo method for
solving partial differential equations without a grid, relying
solely on a geometricmodel [44].More recently,Monte Carlo
methods have also been applied in AI-driven approaches to
3D scene reconstruction [45].

B. DEEP LEARNING FOR FLUIDS
The use of machine learning architectures to regress fluid
representation was first demonstrated by Ladický et al.
[46]. They utilized regression forests to approximate a
Lagrangian fluid solver, producing impressive particle-based
fluid results. CNN-based architectures have been used
to replace the pressure projection step in Eulerian-based
solvers [47], [48], synthesize fluid simulations from reduced
parameter sets [49], and approximate steady-state velocity
fields to predict aerodynamic forces [50]. Low-resolution
fluid simulations have been upsampled to better match
high-resolution simulations using patch-based [41], [51]
and dictionary-based approaches [52], [53]. Recently, dif-
ferentiable simulation pipelines, which naturally integrate

FIGURE 5. Single-view stylization for various styles [64].

with computer vision and deep learning architectures, have
emerged as a growing trend [54], [55], [56], [57]. Deep
learning has also been applied to reconstruct volumetric
flows from images using transport constraints and self-
supervision [58], enable graph-based Lagrangian fluid
simulation [59], enhance the super-resolution of unsteady
data [60], and facilitate interactive modeling of liquids [61]
and smoke using sketches [62]. In addition, deep learning
has been used for meaningful control in learning-based
simulations [63].
Aurand et al. proposed an efficient neural network

approach for style transfer in volumetric simulations [64]
(see Figure 5). Performing artistic simulations of fluids is a
particularly challenging task within the field of simulation
control. Recently, volumetric NST (Neural Style Transfer)
techniques have been used to artistically manipulate smoke
simulation data based on 2D images. However, NST differs
from the turbulent flow studied in our research. As shown
in Figure 5, NST does not alter the motion details of the
underlying simulation due to turbulent flow; instead, it maps
the style of a 2D image to the input simulation, similar to
texture synthesis. In general, despite variations in the input
2D images, the NST results exhibit consistent macroscopic
motion while only modifying the internal density patterns
(see Figure 5).
Franz et al. proposed amethod for fluid flow reconstruction

from images using self-supervised learning, enabling the
prediction of 3D flow fields from 2D images [58]. Kim et al.
enhanced artistic controllability by reconstructing 3D smoke
density fields from sketches through deep learning [62].
Chu et al. explored controllable learning-based flow genera-
tion within real fluid simulations [63]. Aurand et al. presented
a deep learning-based representation method that applies
style transfer to fluid simulation data, aiming to reconstruct
vector or density fields effectively within a learned space—an
approach aligned with the goals of this study [64].

III. PROPOSED FRAMEWORK
To explain the proposed weighting based on the Monte
Carlo method for divergence-constrained MLS, we first
introduce the fundamental MLS approach for scalar and
vector interpolation. Then, we propose a method to estimate
the position of the density field using the Monte Carlo
method, compute the corresponding MLS weights, and
ultimately derive the turbulent vector field.

Figure 6 illustrates the algorithm overview of our proposed
method. We introduce a novel technique that adjusts the
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FIGURE 6. Algorithm overview of our method (step1: input data(2D
density field), step2: calculation of MLS weighted based on Monte Carlo
method, step3: calculation of divergence-constrained MLS with Monte
Carlo weight).

MLS weights using the Monte Carlo method to visualize the
vector fieldwhile considering the density field. This approach
overcomes the limitation of conventional MLS, which relies
only on vector-based constraints, enabling a more detailed
representation of the vector field by incorporating density
information.

A. MOVING LEAST SQUARES
1) SCALAR INTERPOLATION
If the N control points pi are located within a specific region,
the polynomial using these points is defined as follows (see
Equation 1).

f (x) = bT (x)c (1)

The approximate value pi at the control point φi is as shown
in Equation 2.

f (pi) = bT (pi)c = φi, (2)

where the sampling position x is represented as [x, y] in
2D and [x, y, z] in 3D. The term b(x) = [b1(x), . . . , bk (x)]
denotes the basis functions of the polynomial, and c =

[c1, . . . , ck ] is the unknown coefficient vector. In general, the
number of elements in b(x) is given by k =

(d+m)!
m!d !

, where
f is determined from

∏m
d , representing a polynomial space

defined by the spatial dimension m and degree d . For the 2D
case (d =2), it can be expressed as shown in Equation 3, and
for the 3D case (d =3), it is given in Equation 4.

b(x) = [1] if m = 0

b(x) = [1, x, y] if m = 1

b(x) = [1, x, y, x2, y2, xy] if m = 2 (3)

b(x) = [1] if m = 0

b(x) = [1, x, y, z] if m = 1

b(x) = [1, x, y, z, x2, y2, z2, xy, yz, xz] if m = 2 (4)

As explained in Equation 2, MLS can be obtained by
applying constraints to all values. The weight according to
the constraint is given by ω (|ri|), where ri = pi − x. This
equation can then be formulated as shown in Equation 5.ω (|r1|)

. . .

ω (|rN |)


bT (|p1|)

...

bT (|pN |)

 c =

ω (|r1|)
. . .

ω (|rN |)


 φi

...

φN

 (5)

This can be simplified as shown in Equation 6.

W (x)Bc (x) = W (x) 8, (6)

whereW is an N ×N diagonal matrix, B is an N × k matrix,
and8 is a vector in RN . Applying the normal equation to this
equation yields the following expression.

BT (W (x))2 Bc (x) = BT (W (x))2 8, (7)

Solving this equation as a linear system yields c (x).
Using this, the value of f at position x is computed using
Equation 1. In this study, we performed this computation
using the singular value decomposition.

2) VECTOR INTERPOLATION
The previous section explained how to extend scalar interpo-
lation to a vector field u = [u, v,w]T . By simply replacing f
with a vector, the values of u can be calculated, leading to the
constraints formulated in Equation 8.

u (pi) =

u (pi)
v (pi)
w (pi)

 =

bT (picx)
bT

(
picy

)
bT (picz)

 =

uivi
wi

 = ui. (8)

In general, vector interpolation can be computed by
independently interpolating each component. However, when
there are interdependencies between components and a
divergence constraint must be satisfied, the interpolation
must be reformulated. Consequently, to interpolate the vector,
we rewrite Equation 2 as Equation 9.

Wvec (x)Bveccvec (x) = Wvec (x) 8vec, (9)

where

Wvec =



ω (|r1|)
ω (|r1|)

ω (|r1|)
. . .

ω (|rN |)

ω (|rN |)

ω (|rN |)


, Bvec =



b (p1) 0 0
0 b (p1) 0
0 0 b (p1)

...

b (pN ) 0 0
0 b (pN ) 0
0 0 b (pN ) .


(10)

where cvec = [cx , cy, cz] and 8vec = [u1, . . . ,uN ]. The
matrixWvec is a dN ×dN diagonal matrix, Bvec is a dN ×dk
matrix, and 8 is a vector in RdN . In this study, vector
interpolation is computed by solving Equation 9 using the
same approach as solving Equation 6 for scalar interpolation.

B. DIVERGENCE-CONSTRAINED MLS WITH MONTE
CARLO WEIGHTS
In this section, we introduce the diffuse derivatives and the
MLS method based on Monte Carlo weights.

1) DIFFUSIVE DERIVATIVES
As shown in the following equation, differentiating
Equation 1 provides the exact derivative of f (see
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Equation 11).

∂f
∂x

=
∂bT

∂x
c + bT

∂c
∂x

(11)

In Equation 11, the second term on the right-hand side can
be computed straightforwardly, but its integration intoMLS is
computationally complex. By replacing this termwith diffuse
derivatives, an efficient approximation of the computationally
expensive derivative can be obtained [6] (see Equation 12).

∂f
∂x

=
∂bT

∂x
c + bT

∂c
∂x

(12)

Using diffuse derivatives, the divergence of the vector field
∇ · u =

∂u
∂x +

∂v
∂y +

∂w
∂z can be approximated as shown in

Equation 13.

∇ · u ≃
∂bT

∂x
cx +

∂bT

∂y
cy +

∂bT

∂z
cz (13)

2) DIVERGENCE CONSTRAINT
Huerta et al. improved the accuracy of incompressibility by
enforcing the divergence constraint ∇ · u = σ with σ =

0 [65]. In this study, we allow σ to take nonzero values,
allowing divergence control during the velocity interpolation
process. To incorporate the divergence constraint into Bvec,
Equation 13 must be rewritten as Equation 14.

∇ · u ≃ bTdiv (x) · c (14)

where bdiv is computed as shown in Equation 15.

bdiv (x) =
∂

[
bT (x) 0 0

]
∂x

+
∂

[
0 bT (x) 0

]
∂y

+
∂

[
0 0 bT (x)

]
∂z

=

[
∂bT (x)

∂x
0 0

]
+

[
0

∂bT (x)
∂x

0
]

+

[
0 0

∂bT (x)
∂z

]
=

[
∂bT (x)

∂x
∂bT (x)

∂y
∂bT (x)

∂z

]
(15)

The partial derivatives of b are computed by differentiating
each element individually. For example, when d = 3 andm =

2, the result is given in Equation 16.

∂b (x)
∂x

= [0, 1, 0, 0, 2x, 0, 0, y, 0, z]

∂b (x)
∂y

= [0, 0, 1, 0, 0, 2y, 0, x, z, 0]

∂b (x)
∂z

= [0, 0, 0, 1, 0, 0, 2z, 0, y, x] (16)

By incorporating the divergence-constraint condition bTdiv ·
c = σ into Equation 9, the divergence-constraint-based MLS
can be computed (see Equation 17).

Wdiv (x)Bdivcvec (x) = Wdiv (x) 8div (17)

This equation can be computed using the MLS method
described earlier. The MLS constraints used in this study are

as follows:Wdiv =

[
Wvec
ωdiv

]
, Bdiv =

[
bvec
ωdiv

]
, 8div = [8, σ ]

where Wdiv is a (dN + 1) × (dN + 1) diagonal matrix, Bdiv
is a (dN + 1) × dk matrix, and 8div is a vector in RdN+1.

3) MONTE CARLO-BASED WEIGHTS
The Monte Carlo method approximates values using stochas-
tic random numbers instead of solving problems through
direct numerical computation. Its accuracy improves with
the number of random samples and the uniformity of their
distribution. One of the simplest and most well-known
examples of the Monte Carlo method is the estimation of π .

FIGURE 7. An example of calculating π using the Monte Carlo method.

First, a square and a circle with a radius of 1
4 of the side

length of the square are drawn, and N random points are
generated within the square (see Figure 7). Then, the distance
between the center of the circle and each random point is
calculated to determine whether the point is within the circle.
When a sufficient number of random points are generated, the
relationship in Equation 18 is maintained where α represents
the number of points within the circle and N is the total
number of points generated.

π

4
: 1 = a : N , π =

4a
N

(18)

In this study, the Monte Carlo method is used to estimate
high-density regions, following a principle similar to π

estimation. In Equation 19, d represents the estimated
density, a denotes the number of random samples within
regions that exceed a certain density threshold and N is the
total number of random samples generated.

d : 1 = a : N , d =
a
N

(19)

In this study, to efficiently detect high-density regions,
we first binarize the density field. Figure 8a shows the
original density field, while Figure 8b presents the binarized
result using a threshold of 0.5. Figures 8c and 8d illustrate
the density field estimated using the Monte Carlo method
with 1,000 and 100,000 random samples, respectively. When
the mean density of the original field is 0.3476, the estimated
density in Figure 8c is measured as 0.324, whereas Figure 8d
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FIGURE 8. A density field estimated using the Monte Carlo method.

gives a more accurate estimate of 0.3452, demonstrating that
a higher number of random samples leads to a more precise
estimate. Based on this, high-density regions in the density
field can be identified. The green points in Figures 8c and 8d
represent the detected high-density locations. Although the
dense regions in Figure 8c vary slightly between simulations,
Figure 8d produces more consistent results.

The dense regions of the density field computed using the
Monte Carlomethod are identified, and the distances between
these regions and each constraint node are calculated. The
results for the constraint nodes are then normalized to the
range of 0 to 1. The Monte Carlo method is used to construct
the MLS weight ω⋆ (|ri|), as formulated in Equation 20.

ω⋆ (|ri|) = ω (|ri|) (qi − x) (20)

where ω (|ri|) is the weight computed based on the distance
between a node and a constraint node, and (qi − x) represents
the distance between a node and the dense regions estimated
from the density field using the Monte Carlo method. Using
these values, the weight matrix W is constructed to compute
MLS.

C. SOLVER EXTENSION
In this section, we propose a method to efficiently repre-
sent vector fields generated by Monte Carlo weight-based
divergence-constrained MLS by training a neural network to
learn MLS, a type of polynomial interpolation. Since MLS
must perform vector interpolation instead of scalar interpola-
tion to construct vector fields, the size of matrices and vectors
increases, leading to higher computational costs. High-
order interpolation is computationally expensive, making it
difficult to apply in simulation tasks that require per-frame
energy field calculations. To mitigate this issue, we employ

FIGURE 9. Geometry image (black: high-density location).

a learning representation. As a result, we demonstrate that
the trained Monte Carlo weight-based MLS can effectively
represent turbulent vector fields.

1) CONVERSION BETWEEN MLS VECTOR FIELD AND
GEOMETRY IMAGE
In this study, we used geometry images to enable the learning
representation of vector fields generated by Monte Carlo
weight-based MLS. This requires converting the velocity at
each node into an RGB color representation, [r, g, b] (see
Figure 9).
Since the encoded values must not exceed the valid color

range, we constrain the magnitude of the constraint vectors to
be no greater than 1. When we convert back from color fields
to velocity fields, we apply the inverse function. To train the
model, we construct a dataset consisting of the following data
pairs for various vector fields: 1) The original velocity field
and the locations of high-density regions. 2) The vector field
generated using Monte Carlo weight-based MLS.

2) NEURAL NETWORKS
There are various approaches to learning representations of
vector fields; however, in this study, we used a relatively
simple image super-resolution neural network to learn the
Monte Carlo weight-based MLS vector field (see Figure 10).

FIGURE 10. Neural network architecture.

Super-resolution (SR) is a technique that transforms
low-resolution data into high-resolution representations.
Dong et al. applied CNNs to SR to enhance image qual-
ity [66]. In this study, we train the network by converting the
vector field (u, v,w) into an RGB representation [r, g, b]. Our
method takes a low-resolution velocity field and high-density
location data as input, processes them through convolutional
filters, and generates a high-resolution Monte Carlo weight-
based MLS vector field. The network model used in this
study follows the same structure as CNN-based image SR,
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FIGURE 11. Comparison of vector fields generated by the previous
method and our method (scene1).

consisting of three stages: patch extraction / representation,
nonlinear mapping and reconstruction [66].

The first stage is patch extraction and representation. This
step extracts multiple patches from the low-resolution image
and represents them as a set of feature maps. This process can
be formulated as shown in Equation 21.

F1(Y ) = max(0,W1Y + B1) (21)

where Y represents the original velocity field, and the
equation extracts patches through a convolution filter,
generating the feature map F1(X ).

The second stage is nonlinear mapping, where the feature
maps representing low-resolution velocity field patches are
nonlinearly mapped to high-resolution MLS velocity field
patch representations. This process can be formulated as
shown in Equation 22.

F2(Y ) = max(0,W2F1(Y ) + B2) (22)

The feature map of the low-resolution original velocity
field, generated in the patch extraction and representa-
tion stage, is transformed into the feature map of the
high-resolution MLS velocity field.

The third stage is reconstruction, where the transformed
feature map set of the MLS velocity field is reconstructed
into the high-resolution MLS velocity field. This process is
formulated as shown in Equation 23.

F(Y ) = W3F2(Y ) + Bb (23)

In the reconstruction stage, the feature map representing
the high-resolution MLS velocity field, transformed in the
nonlinear mapping stage, is passed through a convolution
filter to reconstruct the high-resolution MLS velocity field.
After the image of the low-resolution velocity field Y passes
through these three stages, the reconstructed MLS velocity
field F(Y ) closely approximates the high-resolution MLS
velocity field X .

IV. IMPLEMENTATION DETAILS
Detailed Description of the Neural Network Architecture: In
this study, we adopt a Super-Resolution (SR)-based CNN
architecture to efficiently learn and represent the Monte
Carlo-based MLS vector field.

• The overall network consists of a three-stage architec-
ture, with each component structured as follows:
1) Patch Extraction and Representation

a) Kernel size: 9 × 9, Number of channels: 64,
Activation function: ReLU

b) Input: Low-resolution velocity field and
high-density location information

2) Nonlinear Mapping
a) Kernel size: 1 × 1, Number of channels: 32,

Activation function: ReLU
b) Learning nonlinear relationships between

intermediate feature maps
3) Reconstruction

a) Kernel size: 5×5, Number of output channels:
3 (vector field encoded as RGB)

b) Outputs the final high-resolution vector field.
• Training Conditions:

1) Optimizer: Adam (learning rate = 0.0003)
2) Loss Function: Mean Squared Error (MSE)
3) Batch size: 128, Epoch: 200
4) The vector field is represented as a geometry image

by mapping the [u, v] values to [r, g, b].
• Comparison of Elapsed Time at 256 × 256 Resolution:

1) Direct MLS computation takes 10 to 72 seconds.
2) The trained model generates results in approxi-

mately 1.2 seconds on average.

V. EXPERIMENTAL RESULTS
To generate the results of this study, we used a computer
equipped with an Intel Core i7-7700KCPU, 32GBRAM, and
aGeForce GTX 1080Ti GPU.Our approach demonstrates not
only the generation of turbulent vector fields from 2D density
field data but also improved results when applied to smoke
simulation and a fire-flake solver.

A. EXTRACTING A VECTOR FIELD FROM A 2D DENSITY
FIELD
1) RESULTS WITH NUMERICAL METHOD
In this section, we describe the process of extracting vector
fields using Monte Carlo weight-based MLS. Figure 11
presents the extracted vector field in a scene with constraint
nodes. Figure 11a shows the vector field computed using
the previous method, divergence-constrained MLS, with
four constraint nodes positioned at the corners: (p1(0.0558,
−0.9984), p2(−0.4041, 0.9147), p3(−0.6049, −0.7962) and
p4(−0.7164, 0.6976)). In the previous method, the resulting
vector field is determined only by the direction of the
constraint nodes, without considering the characteristics of
the density field. Figure 11b shows the result when Monte
Carlo-based weighting is applied to the MLS under the same
conditions. Unlike Figure 11a, the vector field flow is more
detailed while maintaining the structure of the constraint
nodes, as it incorporates the dense regions of the density field.

Figure 12 presents the results of an experiment using a
different set of constraint nodes compared to Figure 11,
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FIGURE 12. Comparison of vector field results generated by the previous
method and our method (scene2).

FIGURE 13. Grid-partitioning scheme for Monte Carlo weight control.

with nodes positioned at (p1 (0.9177, 0.397), p2 (0.9386,
−0.3448), p3 (0.2805, −0.9598) and p4 (0.9249, 0.3802)).
In the previous method, the vector field was heavily
influenced by the constraint nodes, leading to cases where the
vector magnitude was too small to be effectively represented,
despite using divergence-constrained MLS. In contrast, the
proposed method preserves vortex structures around high-
density regions, preventing dissipation and ensuring a clearer
representation of the vector field.

The previous results represent high-density regions as
single locations, which is insufficient to fully capture the
characteristics of the density field. To address this limitation,
we refine the spatial resolution by dividing the domain
into finer grid cells and computing Monte Carlo weights
for each grid. Figure 13 illustrates the high-density regions
estimated for each subdivided grid. Unlike the previous
results, increasing the resolution of the grid improves the
accuracy of the estimation of the high-density region,
demonstrating a more precise representation of the density
distribution.

Figure 14 presents the results of applying our method
using different grid resolutions, with constraint nodes at
(p1(0.0558, −0.9984), p2(−0.4041, 0.9147), p3(−0.6049,
−0.7962) and p4(−0.7164, 0.6976)). Multiple high-density
locations were estimated using the Monte Carlo method, and
the weights required for MLS were determined based on the
high-density locations corresponding to the node positions.
Compared to the same scene in Figure 11, our method more
accurately captures vortex structures and the flow of the
vector field according to the density distribution.

FIGURE 14. Generation of vector field with our method.

2) RESULTS WITH LEARNING REPRESENTATION
In this section, we describe the results of extracting vector
fields using a learning representation. To prepare the dataset
for training, we used a 128 × 128 velocity field and
high-density location data as input, while the output consisted
of Monte Carlo weight-based MLS vector fields. For data
pre-processing, we set the stride to 14, cropping each input
velocity field image to 33 × 33 and the MLS velocity field
to 19 × 19. The size of the convolution filter was set to
f1 = 9, f2 = 1, and f3 = 5. We used the ADAM optimizer
with a learning rate of 0.0003 and applied the Mean Squared
Error as the loss function. The batch size was set to 128, and
training was conducted for 200 epochs. The proposed method
required approximately 18 minutes for training, with each
epoch taking around 3∼5 seconds. The testing phase took
approximately 1 second per sample.

Figure 15 presents the upscaled MLS velocity field
obtained using the proposed method, showing improved
detail in the velocity field. In our system, directly computing
an MLS velocity field at a resolution of 256 × 256 takes
between 10 and 72 seconds. In contrast, the proposed
method generates results in an average of 1.2 seconds,
making it suitable for real-time integration into physics-based
simulations that require per-frame velocity field updates.

B. SYNTHESIS OF SMOKE TURBULENT FLOW
In this section, we present the results of integrating the
turbulent flow generated using the proposed Monte Carlo
weight-based MLS in a smoke simulation. In the previous
method, divergence-constrained MLS was used in the advec-
tion term; however, as mentioned earlier, it results in noisy
motion that differs from the underlying flow (see Figures 3
and 16).

Figure 16b shows the result of replacing semi-Lagrangian
advection with MLS. Since the underlying flow structure is
difficult to discern, the result appears more like noise rather
than an improvement in detail. Similarly, even when using
divergence-constrained MLS for advection, the result still
exhibits noise-like behavior (see Figure 16c). To address
this, we integrate the Monte Carlo weight-based MLS
computed earlier into the advection process, as formulated
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FIGURE 15. MLS vector field inferred by learning representation (left: input velocity field, right: our method).

FIGURE 16. Experimental results with the previous methods.

in Equation 24.

u
(
−→x , t

)
= u

(
−→x , t − 1t

)︸ ︷︷ ︸
term1

+

(
u†

(
−→x , t

)
1tρα

)
︸ ︷︷ ︸

term2

(24)

where term1 represents the velocity computed using semi-
Lagrangian advection, while term2 is the velocity obtained
from Monte Carlo weight-based MLS, with u† additionally
incorporated. The parameter α controls the weighting of the
MLS velocity field and is set to 10.0 in our experiment.
To enhance the clarity of the vorticity force in the velocity
field generated by our method, we apply vorticity confine-
ment based on u† (see Equation 25). Additionally, to satisfy
incompressibility, we perform a projection step.

ω = ∇ × u†

N =
η

|η|
,where (η = ∇ |ω|)

fconf = ϵ†h (N × ω) (25)

FIGURE 17. Colliding smoke jets.

where ϵ† > 0 is used to control the amount of small-scale
details reintroduced into the flow field. Its dependence on
spatial discretization h ensures that a physically correct
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FIGURE 18. Stability test of the simulation for different time steps (capture interval: 2∼12 frames).

FIGURE 19. Rising smoke with our method.

solution is maintained even as the mesh is refined. In the
above equation, ϵ† is automatically determined based on u†

as: û·û†
2 + 0.5. In the simulation results presented earlier,

φ† was inferred using neural networks, while the remaining
calculations were performed numerically.

Figure 17 illustrates the turbulent flow generated as two
smoke jets collide. In the simulation of the underlying fluid
without turbulent flow, the post-collision motion exhibits
laminar flow characteristics, resulting in the lack of detailed
flow structures (see Figure 17a). In the previous method,
which applies divergence-constrained MLS in the advection
stage, turbulent flow does appear. However, advection
deviates from the underlying flow, leading to noticeable
flickering effects and a synthesized velocity field that appears
noisy. Furthermore, the simulation tends to be unstable,
which requires a very small 1t or a substepping approach
to maintain stability.

As shown in Figure 19, our method not only captures the
turbulent flow generated by collisions but also effectively and
stably represents turbulent flow in rising smoke.

C. SIMULATION STABILITY
In this section, we test the simulation stability in various
1t values. In the previous method, MLS-based advection
generated a noise field that deviated from the underlying
flow, which required a small 1t for stability. In our study,
we improved advection using Monte Carlo weight-based
MLS, obtaining the velocity field u†. This was then combined
with vorticity confinement to generate turbulent flow, with
1t set to 0.025. Furthermore, we tested our method without
using substepping in 1t = 0.06 and 1t = 0.12, and it

FIGURE 20. Comparison of improved results by integrating our method
into a fire-flake simulator (only previous method [23]: (a)∼(c), integration
of our method into the previous method: (d)∼(f)).

remained stable while effectively generating turbulent flow
(see Figure 18).

D. SYNTHESIZING TURBULENT FLOW OF FIRE-FLAKE
In this section, we evaluate the extensibility of our method
by applying the turbulent flow generated using Monte Carlo
weight-based MLS to a fire-flake solver. As mentioned in
Section I-B, Kim et al. developed a method to rapidly predict
fluid flow from an input video or GIF image and compute
fire-flake motion in real time (see Figure 20c).
However, since the velocity field depends on the shape of

the input data, it results in a static velocity field, causing
the fire-flake motion to follow a similar pattern. As shown
in Figure 20a, the velocity field is inferred based on the
input shape of the letter A, leading to a fire-flake motion
that is biased in one direction (see Figure 20c). In our study,
we first extracted the flame region using the previous method
(see the red area in Figure 20e) and treat this region as a
density field.We then apply ourmethod to introduce turbulent
flow. With our method, the velocity field, which previously
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depended solely on the input shape, transforms into a more
evenly distributed field flow (see Figure 20d). This change is
also reflected in the fire-flake motion, where the previously
unidirectional movement is improved to a more spread-out
advection pattern (see Figure 20f).

E. RATIONALE FOR TIME-STEP SELECTION
The reason for setting the 1t value to 0.025 in this study is
that the Monte Carlo-based MLS interpolation method and
the turbulence coupling approach with the underlying flow
are closely related to the numerical stability of the simulation.
Traditional divergence-constrained MLS methods tend to
generate high-frequency noise unrelated to the base flow in
the vector field, which necessitates very small timesteps (e.g.,
1t < 0.01) or mandatory substepping. However, in this study,
we were able to ensure sufficient stability and turbulence
expressiveness with 1t = 0.025 due to the following
improvements, and thus adopted this value.

1) Rationale for Choosing 1t = 0.025
• After interpolating the turbulence vector field
based on MLS, it was combined with the under-
lying flow as a perturbation flow modulated
by the angular difference between them. This
approach effectively suppressed high-frequency
components that were inconsistent with the base
flow, mitigating unnecessary energy growth and
enabling more stable simulations.

• Through multiple numerical experiments, we con-
firmed that 1t = 0.025 provided an optimal
balance that satisfied the following conditions.
– The primary structure of the fluid is preserved

while detailed turbulent flows are sufficiently
captured.

– No amplification of computational errors occurs
during the interpolation and synthesizing stages.

– Physically natural flow is maintained.
– No drift or divergence observed during the

simulation.
2) Experiments with various 1t values: In this study,

we conducted simulations with multiple time-step sizes
(1t), and the results are presented in Figure 18. Specif-
ically, the following experiments were conducted for
validation.

• 1t = 0.06: A reasonable level of turbulence
was still captured, and visually stable results
were generated. However, as the time-step size
increased, a noticeable reduction in fine flow
structures was observed.

• 1t = 0.01: While highly stable, the excessively
small time-step resulted in significantly increased
computational cost, making it less practical in
terms of simulation performance.

Considering these experimental results comprehensively,
we determined that setting 1t = 0.025 provides the
most appropriate balance between turbulence representation,

computational efficiency, and numerical stability. In sum-
mary, 1t = 0.025 was chosen with careful consideration of
both numerical stability and physics-based fidelity, and its
validity was confirmed through extensive experimentation.

F. LIMITATION
As demonstrated earlier, the proposed method not only
performs stably across various density field shapes but also
more effectively represents turbulent flow based on MLS
compared to the previous method. However, there are still
some limitations.

1) When computing Monte Carlo weights, the key factor
is identifying high-density locations. However, the
accuracy of the density estimation method used for
this calculation is not very high. Since most density
values are less than 1, they may be lost during
processing. To address this, we discretized the density
field into a binary form (see Figure 8b). In this process,
only density values above a certain threshold were
used to determine high-density locations, meaning
that flow characteristics such as density gradients
and curvature were not considered. This limitation
makes it challenging to directly apply our method to
3D simulations. In future work, we plan to address
this issue and extend the solver to 3D. To address
this limitation, we plan to incorporate the following
mechanisms in future work:

• Adaptive Thresholding: By dynamically adjusting
the binarization threshold based on the distribution
of density values or local variations, the accuracy
of high-density region estimation can be signifi-
cantly improved.

• Convolution-Based High-Density Region Extrac-
tion Filter: To extract high-density regions more
accurately, CNN-based filters can be applied to
learn and predict spatial patterns within the density
field. This approach allows for more precise
representation of curvature and density gradients.

• Currently, Monte Carlo sampling is performed
based on a binarized density field, which does
not account for higher-order features such as
density gradients or curvature. In future work,
we plan to address this limitation by incorporating
gradient-aware weighting or curvature-based sam-
pling techniques.

2) Since the grid partition used for computing Monte
Carlo weights must be determined manually, finding
the optimal resolution is challenging. Higher grid
resolution increases computational cost, which requires
careful selection based on the specific scenario.
Although adaptive spatial partitioning could help
mitigate this issue, it has not yet been considered in our
current approach. To address this limitation, we plan to
incorporate the following mechanisms in future work:
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• Adaptive Spatial Subdivision: In regions with high
variance in density distribution, finer grid cells
are employed, while coarser blocks are used in
more uniform regions. This strategy allows for
a balance between computational efficiency and
spatial accuracy.

• Learning-Based Optimal Resolution Selection:
By analyzing the simulation environment or the
statistical characteristics of the input density
field, a predictive model can be constructed to
automatically adjust the grid resolution for optimal
performance.

3) Since this study employs a simple network architecture,
there are limitations in making the network deeper.
At this stage, we mainly tested the feasibility of using a
learning representation. However, in the future, the use
of a deep neural network (DNN)-based approach could
enable a more optimized algorithm design. Addition-
ally, when our method is applied to fluid simulation,
incorporating grid partitioning into the learning process
could help to compute an optimal Monte Carlo weight-
based MLS. To address this limitation, we plan to
incorporate the following mechanisms in future work:

• Deep Network based on Residual Block: By
incorporating a ResNet architecture, we aim to
maintain training stability even in deeper networks
and improve the precision of vector field inference.

• Grid-aware Feature Fusion: To more effectively
leverage both the input velocity field and grid
partitioning information, we plan to introduce
a grid-aware attention module. This will enable
the network to learn Monte Carlo-based MLS
interpolation with greater accuracy.

Through these improvement mechanisms, we plan to
systematically address the current limitations and fur-
ther enhance the accuracy and efficiency of the Monte
Carlo-based MLS framework in future work.

VI. TECHNICAL CONTRIBUTION
The main contributions and novelties of this study can be
summarized in the following three aspects.

1) A novel design of MLS weighting scheme that
incorporates the density field

• Traditional high-order polynomial-based Moving
Least Squares (MLS) methods primarily rely on
velocity vectors for interpolation. This presents
a limitation in physics-based simulations, where
critical physical properties such as density or tem-
perature are not adequately reflected. To address
this issue, our study introduces a novel MLS
weighting scheme that is sensitive to density.
Specifically, we estimate the distribution of the
density field using Monte Carlo sampling and
compute the weights based on the distances
between these high-density locations and the

simulation nodes. This represents a new approach
that has not been explored in prior MLS-related
research.

2) Learning representation to overcome the numerical
limitations of MLS

• Due to its reliance on high-order equations,
MLS involves substantial computational overhead,
making it challenging to apply in real-time simu-
lations where frame-wise computation is required.
To overcome this limitation, our study transforms
the vector field generated by Monte Carlo-based
MLS into a learnable form and designs an efficient
prediction framework using a neural network-
based super-resolution architecture. This approach
significantly reduces computational cost while
enabling the rapid generation of high-resolution
vector fields. It represents a practical and novel
extension that has not been previously explored in
existing research.

3) A novel flow generation method that resolves instabil-
ity and noise issues of previous approaches

• Conventional turbulence generation methods
based on divergence-constrained MLS fail to
capture subgrid details, often resulting in noise and
flickering artifacts. In contrast, our study proposes
a novel flow generation approach that analyzes
the angular difference between the underlying
flow and the generated turbulent vectors and
corrects it into a controlled form. This enables
stable advection of the density field and maintains
simulation stability even under large time steps
(1t).

As previously mentioned, this study introduces clear tech-
nical novelties that distinguish it from prior work in three
key aspects: the design of MLS weights that directly
incorporate the density field, the extension ofMLS to a neural
network-based learning representation, and the generation
of corrected flow by considering the correlation between
turbulence and the underlying flow.

VII. QUANTITATIVE EVALUATION METRICS
To enhance the objectivity and reproducibility of the
proposed method, we consider the inclusion of quantitative
evaluation metrics to be essential. Therefore, in this section,
we present the following numerical indicators for quantitative
assessment.

• MSE (Mean Squared Error)–Based Comparison: To
quantitatively evaluate the error of the estimated MLS
vector fields generated by the learning-based method,
we measured the MSE between the results of the
proposed method and those of the baseline approach.
1) Experimental Conditions

a) Resolution: 128 × 128, 256 × 256
b) Ground Truth: Vector field computed using

Monte Carlo–based MLS (numerical method)
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TABLE 1. Quantitative comparison of MSE values across resolutions.

TABLE 2. Comparison between previous method and our method across
different thresholds.

c) Prediction: Vector field output by the learning-
based model

d) Evaluation Region: The entire valid simulation
domain

2) Summary(MSE) (see Table 1):
• IoU (Intersection over Union)–Based Density Field
Comparison: To evaluate the results generated in the
smoke simulation based on the overlap between density
distribution images, we employed the IoU metric. This
serves as an effective quantitative measure of both the
accuracy and structural consistency in physics-based
simulations.
1) Experimental Conditions

a) Thresholds = 0.3, 0.5, 0.7 (binary classification
thresholds for density values)

b) Reference Simulation: Previous MLS-based
method

c) Comparison Target: Results generated using
the proposed method

2) Summary of Results (Average IoU) (see Table 2):
The proposed method achieved higher IoU values
across all thresholds, indicating greater accuracy
in maintaining and reproducing the shape of the
density flow.

VIII. CONCLUSION
In this study, we proposed a numerical method for rep-
resenting turbulent flow from a density field using MLS
based on theMonte Carlo method. Traditional MLS performs
high-order interpolation by considering only vector-based
constraints, failing to account for the characteristics of the
density field. In contrast, our method integrates Monte Carlo
method-based weighting into MLS, effectively incorporating
the properties of the density field in the input data and
enabling the representation of various vector field structures.
Furthermore, we extend the solver to allow this approach to
be expressed as a learning representation through a neural
network.

As demonstrated in the experimental results, the proposed
method effectively and efficiently represents turbulent flow
from a density field. By integrating it into smoke and fire-
flake solvers, we facilitated the practical use of high-order

interpolation in physics-based simulations. Compared to the
previous method, our approach showed improvements in both
computation time and quality, with superior performance
confirmed across various scenarios. In summary, this study
not only presents a method for extracting turbulent flow from
a density field but also demonstrates the practicality of apply-
ing high-order interpolation in physics-based simulations.
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